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Cancellation of environmental effects in resonant mass sensors based
on resonance mode and effective mass
Kianoush Naelia and Oliver Brand
School of Electrical and Computer Engineering, Georgia Institute of Technology, Atlanta,
Georgia 30332-0250, USA
Received 16 July 2008; accepted 6 May 2009; published online 5 June 2009
A novel technique is developed to cancel the effect of environmental parameters, e.g., temperature
and humidity, in resonant mass sensing. Utilizing a single resonator, the environmental cancellation
is achieved by monitoring a pair of resonant overtones and the effective sensed mass in those
overtones. As an eminent advantage, especially compared to dual-mode temperature compensation
techniques, the presented technique eliminates any need for previously measured look-up tables or
fitting the measurement data. We show that a resonant cantilever beam is an appropriate platform for
applying this technique, and derive an analytical expression to relate the actual and effective sensed
masses on a cantilever beam. Thereby, it is shown that in applying the presented technique
successfully, the effective sensed masses must not be the same in the investigated pair of resonance
overtones. To prove the feasibility of the proposed technique, flexural resonance frequencies of a
silicon cantilever are measured before and after loading with a strip of photoresist. Applying the
presented technique shows significant reductions in influence of environmental parameters, with the
temperature and humidity coefficients of frequency being improved from 19.5 to 0.2 ppm °C−1
and from 0.7 to −0.03 ppm %RH−1, respectively. © 2009 American Institute of Physics.
DOI: 10.1063/1.3143567
I. INTRODUCTION
Mass sensing with a resonant sensor was first demon-
strated using quartz crystal microbalances,1 and is based on
the concept that a change in the resonant sensor’s mass
causes a change in the resonance frequency.2 Facilitated by
the development of microfabrication technologies, this
method has been successfully implemented in other bulk
acoustic wave resonators,3 as well as in surface acoustic
wave sensors4 and resonant cantilevers.5–9 If these sensors
are used for bio-chemical detection, the mass change is
typically due to adsorption or absorption of target analytes to
a sensitive layer coating the resonator.
A major challenge in resonant mass sensing is to distin-
guish between frequency variations caused by a mass change
and frequency variations caused by environmental changes,
e.g., temperature, viscosity, or humidity. In other words, it is
ultimately desirable for a resonant mass sensor to increase
the frequency change caused by a mass change, while elimi-
nating the frequency drifts caused by ambient condition
variations. However, it is known that a temperature change
causes variations in the resonator’s elastic modulus and/or
dimensions,10 which reflect as a resonance frequency change.
On the other hand, changes in the ambient humidity and
viscosity can alter the viscous damping of the resonant sys-
tem and cause resonance frequency drift.10–12
To compensate for frequency drifts caused by ambient
variations, temperature fluctuations in particular, one of the
widely investigated approaches is to utilize another resonator
as a reference.13–15 In this approach, the sensing resonator,
which is coated with the sensitive layer, and the uncoated
reference resonator operate under the same environmental
conditions. Under the assumption that any environmental pa-
rameter affecting the resonance behavior will cause the same
frequency drift in both sensing and reference resonators, the
induced frequency change by an added mass can be extracted
by subtracting the frequency changes in the two resonators.
The drawback of this method originates from the above as-
sumption that both resonators have exactly the same me-
chanical properties or at least respond similarly to environ-
mental changes. In practice, however, no two resonators have
exactly identical mechanical properties, even if they are fab-
ricated in the same batch process; consequently, their reso-
nance frequencies and their responses to varying environ-
mental parameters may not be same. Overall, this approach
can be helpful in estimating the frequency change by a mass-
uptake, but it cannot provide a complete solution.
Several other approaches in minimizing the temperature-
induced resonance frequency drift include active frequency
control with a cointegrated temperature sensor13,16 or feed-
back loop,17 passive temperature compensation using the
stress induced by thin films,18–20 and selection of structural
materials that are less sensitive to temperature.21 When using
a cointegrated temperature sensor, it is mandatory to estab-
lish a reproducible relationship between temperature and the
resonance frequency change. Here, a major challenge is that
the temperature coefficient of the resonance frequency varies
from one resonator to another, thus requiring calibration of
each sensor. Also, the required circuitry for precise sensing
aTel.: 1-404-894-9425. FAX: 1-404-894-4700. Electronic mail:
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of temperature may increase the complexity and cost of the
overall sensing system. Finally, this approach only compen-
sates the temperature effect, but leaves other contributing
effects, e.g., humidity, uncompensated. On the other hand,
passive approaches utilizing thin-film-induced stresses are
highly dependent on the packaging, the adopted resonant
structure, and the quality of the selected thin film. Finally,
finding an absolutely temperature insensitive material is not
a trivial task, and integrating such material with existing mi-
crofabrication technologies includes challenges, both in
terms of feasibility and cost.
Another approach in compensating the temperature ef-
fect is to study the variation of different resonance
modes22–24 or overtones.25 Here, a relationship between tem-
perature and the frequency change for different overtones or
modes is established; hence, the same resonant mass sensor
also acts as a thermometer. For such a sensor, with the help
of a look-up table or calibrated coefficients, temperature-
induced frequency changes can be eliminated. Nevertheless,
the main drawback of this approach is the need for such
look-up tables or coefficients.
In this paper, we describe a technique for canceling the
effect of environmental parameters in resonant mass sensing
based on monitoring the overtones26 of partially coated reso-
nators. Like the aforementioned mode-based compensation
approaches, an essential part of this technique is also based
on comparing the frequency drifts of different overtones.
However, as an eminent advantage, this technique eliminates
any need for premeasured temperature-frequency look-up
tables. In fact, the aim of the presented technique is to cancel
any environment-related frequency drift only by the aid of a
single resonator. The applicability of the presented technique
is tested on a cantilever resonating in flexural modes, with
the results showing excellent agreement with the theoretical
predictions.
II. THEORY
In this section, first the frequency dependence on varia-
tions in mass and environmental parameters is described.
Next, a special class of resonators is identified, whose nor-
malized frequency change caused by environmental param-
eters is independent of the resonance overtone. The tech-
nique presented in this paper is aimed at such resonators.
For all mechanical resonators, according to Rayleigh’s
quotient method,27,28 the resonance frequency f is deter-
mined by the ratio of the potential energy U and the inertial













Therefore, variations in KEI and U will reflect as a change of













For a mass-spring system, whenever variations of the vibra-












where m and k are the effective mass and spring constant,
respectively. In a resonant mass sensor used for
bio-chemical sensing, the detection is accomplished by
binding of target molecules to the surface of the
resonator,29,30 which results in an effective mass change
m. As long as the effect of the added mass on the potential
energy can be neglected, i.e., k does not change with m,
the change of the resonance frequency can be described as a
function of the independent parameter mass m and also en-























The second term in Eq. 5 emerges because of variation in
the potential energy, i.e., the effective spring constant, with
environmental parameters. Without mass change, the reso-
nance frequency variation will only depend on environmen-
tal parameters. The influence of these parameters on the reso-
nance frequency is caused by changes in the resonator’s
material properties and/or geometry. In general, for a resona-
tor, the normalized frequency changes of overtones due to
environmental changes are not identical; however, in a spe-
cial class of resonators e.g., homogeneous cantilever beams
resonating in the flexural modes the overtone frequencies
are related to each other through constant coefficients. In
these resonators, the resonance frequency f i of the ith over-
tone is described as
f i = i
2FE,,lx,y,z , 6
where i is the overtone constant i.e., the resonance mode
eigenvalue and F is a function of the resonator geometry
lx,y,z, and the material properties, i.e., Young’s modulus E,
Poisson ratio , and density . For this class of resonators, in
case of environmental variations, the change in the resonator
geometry and material properties will be same for all over-
tones; therefore, the change in F will be same for all over-
tones. Hence, the resonance frequency change f i of the ith
overtone can be described as
f i = i
2F , 7
where F is a change in F, which is independent of reso-
nance overtone. Combining Eqs. 6 and 7, for all over-
tones, the relative frequency change f i / f i becomes indepen-
dent of the overtone constant i
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Since all variables affecting F are in fact functions of envi-








To completely describe Eq. 5 for a given overtone fre-
quency, the effect of any added mass in that overtone needs
to be included. In a resonant mass sensor, the attached ana-
lyte mass m generally vibrates with different normalized
amplitudes in different overtones, and thus its contributed
effective mass m will be different in those overtones. In
other words, if the actual mass change is m the effective
mass change in the ith overtone is given by
mi
 = im , 10a
where i is the effective mass coefficient and calculated only
based on the mode-shape and the location of the added mass
on the resonator surface. Likewise, the total effective mass of
the resonator can also be described based on its actual mass
and the resonance overtone by a coefficient 	i
mi
 = 	im . 10b
By applying Eqs. 9 and 10 to Eq. 5, the normalized














Hence, by subtracting the normalized frequencies of two


















If the resonator has the same effective mass in all overtones,













As mentioned earlier, the conditions for establishing Eqs.
12a and 12b are: 1 the added mass must not change the
potential energy of the system i.e., no change in the resona-
tor effective stiffness, and 2 the effective added mass must
be different in the investigated overtones i.e., i j; oth-
erwise the difference of the relative frequency changes in Eq.
12b will be always zero.
A. Beam resonators in flexural modes
Beams in flexural resonance modes are prominent ex-
amples of the resonators that fit the conditions described for
Eqs. 12a and 12b. For homogenous, clamped-free i.e.,
cantilever or clamped-clamped beams, when damping of the
resonant system is negligible, f i can be described as
27








where L and h are the beam length and thickness, respec-
tively. Comparing to Eq. 6, and considering the discussion
for Eq. 9, the frequency function F of a beam in a flexural
mode overtone becomes








In the remainder of this paper our focus will be on such
cantilever beams in flexural resonance modes. To calculate
the effective mass of a deposited layer on the cantilever sur-
face, the resonator’s KE is explored. The maximum KE of a
thin homogenous cantilever beam with a uniform cross sec-












where y is the vibration amplitude at a point x along the
beam, and m and 
 are the beam actual mass and angular
velocity, respectively. A particle with mass dm, which is at-







provided that the change in the resonance amplitude is neg-
ligible. If the attached particle does not contribute to the
stiffness of the beam, i.e., to the potential energy, the prin-
ciple of energy conservation requires the same KE before





























 f are the angular velocities for the initial case
without dm attached and final case with dm attached.
Since for all flexural modes of a resonating cantilever beam
the integral value of Eq. 15 is equal to 1 /4Ly2L,31,32 Eq.










 f are almost identical, the resulting rela-
tive frequency change d
 /
 due to the added mass dm at




















On the other hand, using Eq. 15, the effective mass of the
cantilever m can be conceived as a lumped mass placed on
a point that has the maximum vibration amplitude, i.e., on
the cantilever tip with vibration amplitude yL
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Therefore, after applying the integral value 1 /4Ly2L, the
effective mass placed on the cantilever tip is for all
overtones33
m = 14m . 21













The result of Eq. 22 is consistent with the reported experi-
mental results by Dohn et al.,34,35 indicating the influence of
the added particle location on the induced frequency change.
With the same argument, the frequency change due to attach-
ment of a continuous sequence of discrete particles, e.g.,
deposition of a layer or sorption of target molecules into a














where a and b are the starting and ending points of the layer
coverage, respectively. Assuming a uniform mass loading be-
















Hence, comparing to Eq. 11, the effective mass coefficient






Here, m=im is the effective mass of the added mass
when considered as a lumped point mass on the beam tip
see Fig. 1. It is important to note that when the added layer
covers the entire cantilever, according to Eq. 25, i will
have the same value of 1 /4 for all flexural modes. Hence, to
have a successful cancellation of the effect of environmental
parameters through Eqs. 12a and 12b, the attached layer
must only partially cover the cantilever surface i.e., i j.
B. Technical considerations
To apply the presented technique in a resonant cantilever
mass sensor, the detection must be accomplished through
interaction binding of target analyte with a sensitive layer
that partially covers the resonator surface. If the layer is uni-
formly deposited, it is a fair assumption that binding also
takes place with a uniform rate across the layer. There are
always at least two different flexural modes overtones of
the resonant cantilever that exhibit different effective mass
coefficients for a partially covering layer. Therefore, the first
requirement in applying Eqs. 12a and 12b, i.e., having
different i in different overtones, can be satisfied. However,
addressing the second requirement, i.e., maintaining the
same stiffness after binding, depends on the type of material
or the location of binding on the cantilever surface. In other
words, either the binding must have a negligible effect on the
stiffness of the sensing layer, or the sensing layer must be
placed at a location that causes a minimal contribution to the
strain energy of the desired overtones. Such locations include
areas on the cantilever surface that experience minimal stress
in a flexural resonance mode. Results of finite element simu-
lations presented in Fig. 2 indicate that in case of the funda-
mental and the second flexural modes, the last 20% along a
cantilever length satisfy the second requirement. In general,
by approaching the cantilever tip, the contribution of the
sensing layer on the stress decreases; but at the same time,
the difference in the values of the effective mass coefficients
for any two overtones starts diminishing, therefore, the dif-
ference of the relative frequency changes in Eqs. 12a and
12b becomes smaller.
III. EXPERIMENTS
Flexural resonance frequencies of a silicon cantilever
with length, width, and thickness of 1050, 130, and 11 m,
respectively, were investigated. The surface of the cantilever
was covered with 0.8 m silicon dioxide. The resonator vi-
bration in air was electromagnetically exited by passing an
alternating current along the perimeter of cantilever in the
presence of a static magnetic field of 0.2 T. The transverse
FIG. 1. Color online Schematic of the third overtone mode-shape of a
cantilever; m, the mass of the added layer, represented with a thicker line,
can be considered as a lumped effective mass m on the cantilever tip.
FIG. 2. Color online FEM simulation results for the longitudinal distribu-
tions of the normalized strain energy in a cantilever beam for the fundamen-
tal and second flexural resonance modes; also for these vibration modes, the
normal stress distributions are shown in the inset.
063903-4 K. Naeli and O. Brand Rev. Sci. Instrum. 80, 063903 2009
Downloaded 04 Dec 2012 to 130.207.50.120. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/about/rights_and_permissions
beam vibrations were sensed on chip by a piezoresistive
Wheatstone bridge located at the clamped-end of the beam.
The amplitude/phase transfer characteristics of the resonator
were recorded by an Agilent Network Analyzer 4395A. Each
data point presented in this work is an average of at least five
repeated measurements, with a maximum standard deviation
of 10 ppm. To improve the accuracy of the extracted reso-
nance frequency, the measured transfer characteristic around
each peak was fitted to the resonance curve of a simple har-
monic oscillator.36 The ambient temperature and humidity
were controlled with an ESPEC SH-241 environmental
chamber, with a resolution of 0.1 °C in temperature, and 1%
in RH.
The effect of mass loading was investigated by deposit-
ing a strip of SC1813 photoresist at approximately 90 m
from the cantilever free-end Fig. 3. For this location, ac-
cording to Eq. 25, the effective mass coefficient 1 is ap-
proximately 0.8. To evaporate the photoresist solvent, the
sample was baked for 45 min at 100 °C in the oven. Al-
though identifying the photoresist mass has no influence in
evaluating the validity of the presented technique in cancel-
lation of environmental parameters, the approximate mass of
the photoresist layer was calculated by examining the fre-
quency change at a constant temperature.35 At 10 °C and for
the fundamental flexural mode with 1=0.8, according to
Eqs. 24 and 21, the actual added photoresist mass is cal-
culated as 0.095% of the actual cantilever mass, i.e., approxi-
mately 3.6 ng.
IV. RESULTS AND DISCUSSION
In this section, first we describe the effect of environ-
mental parameters, i.e., temperature and humidity, on the
resonance frequency drift of the tested cantilever. These ef-
fects are monitored for both cases that the cantilever has
been resonating with and without the added photoresist mass.
Next, by calculating the difference between the measured
relative resonance frequency changes in different flexural
modes, i.e., using Eq. 12, the effectiveness of the proposed
technique in cancellation of the temperature and humidity
effects is examined. Ideally, as expressed by Eq. 12, it is
expected that the calculated difference of the relative fre-
quency changes becomes independent of environmental ef-
fects, but only depends on the added mass and the effective
mass coefficients.
A. Temperature effect
In the performed measurements, the initial temperature
was 10 °C. The influence of temperature was studied by
increasing it to 70 in 15 °C steps, while the RH was stabi-
lized at 45% for 25 °C and higher. The temperature stabil-
ity in the measured sample was verified by monitoring the
lack of temperature-dependent resistance variations of an
extra pair of on-chip resistors. The resistance values were
measured with a Keithley 2400 Sourcemeter. Figure 4 shows
the relative frequency change of both the unloaded and the
FIG. 3. Color online a Optical micrograph of magnetically excitable
resonant cantilevers. The cantilever tested in this work the bottom cantile-
ver is covered by a strip of photoresist about 90 m from the tip. b SEM




































































FIG. 4. Color online Relative frequency change f / f of the first three
flexural modes fundamental, second, and third overtones for a the un-
loaded and b the loaded cantilever vs temperature change T reference
temperature T0=10 °C.
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loaded cantilever as a function of the temperature increment
for different flexural modes overtones; as expected from
Eqs. 13 and 14, the temperature-induced relative fre-
quency changes fn / fn=F /F are coinciding and exhibit-
ing almost equal temperature coefficients, namely,
−19.5 ppm °C−1 for the second overtone. These results con-
firm that the measured cantilever beam follows the relation-
ship presented in Eq. 9, hence, it can be considered as a
suitable example of the class of resonators identified by Eq.
6. Table I summarizes the measured absolute frequencies
and quality factors of the unloaded cantilever for the inves-
tigated overtones at the initial and final temperatures i.e., 10
and 70 °C, respectively.
The combined effects of added mass and temperature on
the resonance frequency are shown in Fig. 5, which plots the
relative frequency drift of each overtone as a function of the
temperature change. In this figure, the observed relative fre-
quency drift for T=0 °C, i.e., at the reference temperature
of 10 °C, is only due to the effect of mass change. Increas-
ing temperature affects the frequency with a similar trend, as
shown in Fig. 4, and the frequency drift in each overtone
follows a trend parallel to the drifts in other overtones; how-
ever, since the effective mass in each overtone is different,
the plots of the relative frequency change for different over-
tones have different Y-intercepts. In other words, for a given
temperature, the relative frequency drift of each overtone is
different because the coefficients of effective mass in the
investigated overtones are different.
B. Humidity effect
To investigate the effect of RH, the temperature was kept
constant at 55 °C, while the RH was increased from 30% to
90% in 15% steps. For both loaded and unloaded cantilever,
the effect of RH on the relative frequency drift in flexural
modes is presented in Fig. 6. Similar to the argument made
for temperature effects, the relative variations in flexural
mode frequencies are coinciding and independent of the
overtone number. Clearly, the effect of humidity is not as
pronounced as the effect of temperature; for example the
second flexural mode has a humidity coefficient as low as
0.8 ppm %RH−1. For the loaded cantilever Fig. 6b, none
of the three flexural modes appears to follow the linear trend
for the first 15% increment of RH; nevertheless, for both
loaded and unloaded cases, all data points are coinciding.
The combined effects of mass loading and RH variations in
the resonance frequency are shown in Fig. 7. Similar to the
temperature case Fig. 5, for different overtones, the plots of
relative frequency drifts versus RH also follow parallel
TABLE I. Measured resonance frequency and quality factor for the funda-
mental and the next two flexural resonance modes overtones of the un-
loaded cantilever beam at 10 and 70 °C. The theoretical values of the cor-
responding overtone constants are indicated by i.
i





Fundamental mode 1.875 13 532.4 360.7 13 517.6 361.0
Second overtone 4.694 84 874.3 946.5 84 777.8 999.1
Third overtone 7.855 237 467 1378 237 192 1504
y = -18.44x - 1541.55
y = -19.47x - 869.40

































FIG. 5. Color online Relative frequency change f / f of the first three
flexural modes of cantilever as the result of a fixed mass change m, vs






























































FIG. 6. Color online Relative frequency change f / f of the flexural
modes fundamental, second, and third overtones for a the unloaded and
b the loaded cantilever versus RH change RH reference relative humid-
ity RH0=30%.
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trends, but because of the dominating influence of the added
mass, the slopes are more gradual, e.g., 0.7 ppm %RH−1 for
the second flexural mode.
C. Environmental effect cancellation
As observed in Fig. 5, for a given temperature, the added
mass does not have the same effect on each of the overtone
frequencies, but it follows the prediction of Eq. 24. How-
ever, the variations in the relative resonance frequencies with
temperature exhibit almost identical slopes. Hence, after sub-
tracting the relative frequency changes of every two over-
tones according to Eq. 12b, the resulting plot, shown in
Fig. 8, is almost temperature independent. For example, the
temperature coefficient of the second overtone, as shown in
Fig. 5, is −19.5 ppm °C−1, but after applying Eq. 12b to
the measurement results of the second and third overtones,
the temperature dependence is reduced to 0.2 ppm °C−1, an
almost two orders of magnitude improvement.
Similarly, Fig. 9 shows that the result of Eq. 12b also
cancels the effect of humidity. In this case, the humidity
coefficient of the second overtone is 0.7 ppm %RH−1 Fig.
7, but after applying the proposed technique to the results of
the second and third overtones, the humidity dependence de-
creases to −0.03 ppm %RH−1 see Fig. 9, literally the level
of measurement error.
Theoretically, applying Eq. 12b shall result in a com-
plete cancellation of temperature effects. However, as shown
in Figs. 4 and 6, the temperature coefficients of the overtones
are not exactly the same, hence, the differences of the rela-
tive overtone frequency changes, shown in Figs. 8 and 9,
slightly vary with the temperature. The reason for the slight
difference in the temperature coefficients of the overtones
can be attributed to the facts that 1 the tested cantilever see
Fig. 3 is not an ideal beam with an ideal clamped-end
boundary condition; in fact, because of fabrication limits, the
thickness of the cantilever slightly varies along the beam,
and also, the clamped-end of the beam is not attached to a
solid straight wall, but to the upper rim of an etched cavity.
2 The vibration amplitude, especially in case of the funda-
mental flexural mode, can exceed the small amplitude as-
sumption used in derivation in Eq. 13; the maximum vibra-
tion amplitude of the beam was up to 35 m. 3 The
contribution of the added mass to the resonator stiffness can
cause a nonideality and void the assumption made in deriv-
ing Eq. 4. Finally, 4 as presented in Table I, the resonance
quality factor is not identical in different overtones; hence,
the relative frequency shift due to damping is not identical
either.
Ideally, since the Y-intercepts in Figs. 8 and 9 are only
functions of the effective added mass, they must also have
the same values for a given combination of overtones. In
fact, as observed in the figures, the values of Y-intercepts are
slightly different. The main reason for this variation is the
fact that the reference temperatures and RH for the cases
shown in Figs. 8 and 9 are different, thus the results show a
slight deviation. The reference temperatures in Figs. 8 and 9
are 10 and 55 °C, respectively.
y = 0.82x - 1540.32
y = 0.72x - 895.21






























FIG. 7. Color online Relative frequency change f / f of the first three
flexural modes of cantilever as the result of a fixed mass change m, versus
RH change RH reference relative humidity RH0=30%.
y = 1.03x - 672.14
y = 1.23x - 1091.89





















FIG. 8. Color online Cancellation of temperature dependence by evaluat-
ing the difference of relative frequency change f / f of two overtones
based on the data from Fig. 5.
y = 0.09x - 645.10
y = 0.09x - 1075.27























FIG. 9. Color online Cancellation of humidity dependence by evaluating
the difference of relative frequency change f / f of two overtones based on
the data from Fig. 7.
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V. CONCLUSION
In this paper, a novel technique for cancellation of envi-
ronmental effects e.g., temperature and relative humidity
on the resonance frequency of resonant mass sensors is in-
troduced. After applying this technique to a resonant cantile-
ver, the undesired resonance frequency shifts caused by en-
vironmental parameters, namely, temperature and humidity,
are suppressed by up to two orders of magnitude. To detect
an added mass and meanwhile cancel the effect of environ-
mental parameters, the presented technique needs only four
frequency measurements; i.e., measuring the frequency of a
pair of resonance overtones and comparing them with an-
other pair measured before the potential variation in the
mass. Hence, using a single sensor, this technique eliminates
any need for look-up tables, or need for numerically adjust-
ing the measurement results. The requirement in applying the
presented technique are 1 the added mass must affect the
examined overtone frequencies with different ratios, and 2
the added mass must not change the potential energy of the
resonant system, i.e., they must have a minimal effect on the
resonator stiffness. To fulfill the former requirement, the sur-
face of resonant mass sensor, e.g., a mass-sensitive
bio-chemical sensor, must be partially covered with the
sensing layer. To address the latter requirement, either the
binding induced changes in the modulus of elasticity of the
sensing layer must be negligible, or the sensing layer must be
deposited on areas of the resonator with minimal potential
strain energy.
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